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Abstract
Topics about continua (compact connected metric spaces) are related to Geometry, Topology and
Analysis together, so is the case without compactness (topics about connected metric spaces). Open
Problem 11 (No. 438 in J. van Mill and G.M. Reed’s book, Open Problems in Topology [North-
Holland, Amsterdam, 1990]).—Is it true that span is less than or equal to the double of surjective
span for each connected metric space?—was originally published in The Houston Problem Book
(1986) (Problem 83, dated 1975). This paper will compose a counterexample (a submetric space in
the plane R2) to give a negative answer for it.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Many authors have paid attention to continua [2–5] and got some quite intriguing results.
The aim of this paper is to construct a connected space S, in the planeR2, which has infinite
span and zero surjective span (hence does not satisfy σ(X)  2σ ∗(X) in a exaggerated
way).
For a connected metric space (X,d), recall that the surjective span of X is defined
by σ ∗(X) = sup{a  0 | there exists a connected C ⊆ X × X such that d(x, x ′) a
for (x, x ′) ∈ C and π1(C)= π2(C)=X}, where π1 and π2 are the standard projections of
the product X ×X onto X. The span of X is defined by σ(X)= sup{σ ∗(A) | ∅ = A⊆X,
A is connected}. The following inequalities are direct from the definitions [2]:
(1) 0 σ ∗(X) σ(X),
(2) σ(A) σ(X) for a connected sub-metric space A of X.
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For a path α in X which connects x1 to x2 and a path β in Y which connects y1 to y2, the
Cartesian product path of α and β in X×Y , which connects (x1, y1) to (x2, y2), is denoted
by α × β (indeed α × β is the diagonal of maps α and β in the sense of [8, p. 110]).
Let X be a linearly ordered space [8, p. 82] which is topologically homeomorphic to the
real line R. For x1, x2 ∈X, denote the direct (hence monotone) path in X from x1 to x2 by︷︸︸︷
x1x2 (when x1 = x2, it is a constant path; and denote ︷︸︸︷xx by x˙ for short). In this paper, any
path α has double meaning, i.e., we misuse the map α and the image α(I) for convenience.
Definition 1.1. Given a space T , a metric space (X,d) and two maps f,g :T → X, a
homotopy F :T × I → X between f and g is called of ε-scale if for any t ∈ T , the
diameter (in the ordinary sense of [8, p. 313]) of the path F(t) (connects f (t) to g(t)),
induced by F , is less than ε, i.e., diam(F (t)) < ε.
Denote the ordinary Pythagorean metric on the n-dimension Euclidean space Rn by n
(when n= 2, especially by ). So we have a continuous function  :R2n =Rn×Rn →R+
(respectively  :R4 →R+).
Theorem 1.2. Let X be an open subspace ofRn, A be a connected subspace of X×X, and
denote a = inf{n(p1,p2) | (p1,p2) ∈A}. Then for any ε > 0 and two elements t1, t2 ∈A,
there exists a path α in X×X which connects t1 to t2 such that n(t) > a−ε for any t ∈ α.
Proof. Notice that A⊆X×X (open) ⊆R2n, and n is continuous. For any s ∈A, choose
an open ball B(s) with centre at s in R2n small enough such that (i) B(s) ⊆ X ×X, and
(ii) n(t) > a − ε for any t ∈ B(s) (when a − ε < 0, it means n(t)  0). Then, O(A)=⋃{B(s) | s ∈ A} is an open connected subspace of R2n satisfying A ⊆ O(A) ⊆ X × X.
By [6, Theorem 13, p. 12], O(A) is pathwise connected. Hence we get the conclusion of
Theorem 1.2 (A path in O(A) is certainly a path in X×X). ✷
2. A snaking line S in R2 with infinite surjective span
The example of a snaking line is motivated by the elementary fact that the ordinary line
has infinite surjective span.
Analytically express R2 as Rx ×Ry , the x–y coordinate plane with Pythagorean metric
. Denote the two projections by x :Rx ×Ry →Rx and y :Rx ×Ry →Ry . Let S0 be the
semi-line {(x,4) | x > 0}; and for a natural number n, Sn be the piecewise linear arc with
the five consecutive vertices
rn−1 = (0,23−n), pn = (−2n−1,23−n), (−2n−1,21−n × 3),
qn = (0,21−n× 3), rn = (0,22−n);
S =⋃∞n=0 Sn (as a sub-metric space of R2), then clearly S is topologically homeomorphic
to the real line R (Fig. 1).
Let the arrow in Fig. 1 point to the increasing direction of S, and denote the
corresponding order in S by >s . In the following, we will prove that (which implies
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Fig. 1. The snaking line S.
σ ∗(S)=∞) for any a > 0, there is a pathwise connected subspace A of S × S such that
π1(A)= π2(A)= S, and (p,q) a for (p, q) ∈A.
For a > 0, let A0 = {(p, q) ∈ S0 × S0 | x(q)− x(p) a}. Clearly A0, as a subspace of
S × S, is pathwise connected.
Denote q = (a,4) (so (r0, q) ∈A0). For a natural number k, choose some natural number
m(k) such that 2m(k)−1 − 2k−1  a(m(k) > k). Then the composite path [7, p. 94]
β(k)= (p˙m(k) × ︷︸︸︷pkq ) · (︷ ︸︸ ︷pm(k)r0 ×q˙)
connects (pm(k),pk) to (r0, q) in S × S, and obviously x(s2)− x(s1) a for all (s1, s2) ∈
β(k). By [6, Theorem 1, p. 9],
A=
( ∞⋃
k=1
β(k)
)
∪A0
is pathwise connected. And clearly (s1, s2) x(s2)− x(s1) a for all (s1, s2) ∈A. Also
π1(A) = π1(A0)∪
∞⋃
k=1
π1
(
β(k)
)= {s | s s r0}∪ ∞⋃
k=1
{
s | pm(k) s s s r0
}
= {s | s s r0}∪ {s | s s r0}= S,
and
π2(A)=
{
s | s s q}∪ ∞⋃
k=1
{
s | pk s s s q
}= S.
It follows from the results of the preceding paragraph that σ ∗(S) a for any a > 0, so
σ ∗(S)=∞ (hence σ(S)=∞).
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Fig. 2. Connected open neighbor On of both Ln and S .
3. Add the accumulation point Ω = (0,0) to S to get the final example space S
Denote S = S ∪ {Ω} (obviously S , as subspace of R2, is connected), where Ω = (0,0)
is the zero point of the axes, then certainly σ(S)  σ(S) =∞ (i.e., σ(S)=∞). And we
will prove σ ∗(S)= 0.
For a natural number n, denote Ln = {(x,0) | x  0} ∪ {the closed interval [Ω,rn] on
y-axis} ∪ {s ∈ S | s s rn}, and consider it as a subspace of R2 (then Ln is a snaking line).
Denote real numbers an = 13(rn, qn), bn = y(rn) + an (it is easy to prove bn/an = 7,
limn→∞ an = limn→∞ bn = 0), and denote a connected open neighbor of both Ln and S
by On = {(x, y) | x < an and |y|< bn} ∪⋃{B(s, an) | s ∈ S, s >s rn}, where B(s, an) is
an open ball in R2 with centre at s and radius an (see Fig. 2).
Proposition 3.1.
(i) There is a deformation retraction [7, p. 104] of 2bn-scale (refer to Definition 1.1)
from On to Ln (Fig. 3).
(ii) For any two elements s1, s2 (maybe s1 = s2) on the snaking semi-line {s ∈ S | s >s rn}
and any path α in On ×On which connects (Ω, s1) to (s2,Ω), there exists at least
one point t ∈ α such that (t) < 4bn.
Proof. (i) Refer to Fig. 3 and notice that every retraction path has diameter less than 2bn
(by an < bn,
√
a2n + b2n < 2bn).
(ii) Let the arrow in Fig. 1 also denote the increasing direction of the snaking line Ln
(when we consider Ln as a linearly ordered space with order <Ln ), and let g :On → Ln
be the retraction map induced by the homotopic deformation G in (i) (hence the Cartesian
product map g × g is a retraction from On × On to Ln × Ln). Notice that g(x) = x for
x ∈ Ln, so we get a path g×g(α) in L2n = Ln×Ln which also connects (Ω, s1) to (s2,Ω).
Now by si >Ln Ω (i = 1,2) and the fact that the diagonal D = {(l, l) ∈ L2n} separates
the snaking plane L2n (in fact, L2n\D is separated into two components: {(l1, l2) | l1 >Ln l2}
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Fig. 3. A homotopic retraction G of 2bn-scale from On to the snaking line Ln.
and {(l1, l2) | l1 <Ln l2}), the path g × g(α) must intersect the diagonal, i.e., there is
an element t = (l, l) ∈ g × g(α). Then for all t ′ ∈ α ∩ (g × g)−1(t) (by t ∈ g × g(α),
α ∩ (g× g)−1(t) = ∅), (t ′) < 4bn (notice that (x,g(x)) < 2bn for x ∈On, because G is
of 2bn-scale. Then use triangle inequality to get the final inequality). ✷
Proposition 3.2. σ ∗(S)= 0 (i.e., the surjective span of S is equal to zero).
Proof. Let A be a connected subspace of S × S such that π1(A) = π2(A) = S (hence
Ω ∈ π1(A) ∩ π2(A)), then there exist two elements s1, s2 ∈ S (maybe s1 = s2) satisfying
(Ω, s1) ∈A and (s2,Ω) ∈A. Denote a = inf{(t) | t ∈A} (a  0).
We have at most two cases:
(1) Ω = s1 or Ω = s2. In this case, we get (Ω,Ω) ∈A and a = 0;
(2) Ω = si (i = 1,2). Then there exists a natural number n0 such that si >s rn (i = 1,2)
for all n > n0. For any natural number n (larger than n0) and any positive real
number ε > 0, by Theorem 1.2, there exists a path α in On × On which connects
(Ω, s1) to (s2,Ω) satisfying (t) > a − ε for any t ∈ α. But by Proposition 3.1(ii),
there exists a t0 ∈ α such that 4bn > (t0). Hence 4bn > a − ε (notice that the
inequality is true for all n > n0 and ε > 0, and that limn→∞ bn = 0). Since n and ε
are arbitrary, it follows that a = 0.
Anyway all above means that for any connected subspace A of S × S such that
π1(A)= π2(A)= S , inf{(t) | t ∈A} = 0, i.e., σ ∗(S)= 0. ✷
By the same method as in the proof of example S (in the case that A, as a subset of left
x-semi-axis, is not left closed, the proof of Proposition 3.3 will be a little different. Indeed
one also needs the method of proving σ ∗(u) = 0, where u is a bounded connected open
interval on the real line R), we have the general examples.
Proposition 3.3. For any two strictly monotone sequences of positive real numbers {an}
and {bn} (n ∈N) such that limn→∞ an =+∞, limn→∞ bn = 0, let S′0 = {(x, b1) | x  0};
S′n be the piecewise linear arc with the five consecutive vertices: (0, b2n−1), (−an, b2n−1),
(−an, b2n), (0, b2n), (0, b2n+1); S ′ =⋃∞n=0 S′n ∪ A, where A is any non-empty bounded
(diam(A) <∞) subset of {(x,0) | x  0}. Then σ(S ′)=∞ and σ ∗(S′)= 0.
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Fig. 4. Homotopy type of a finer neighbor of S.
Remark 3.4.
(i) The space S has finer open neighbors in R2, each of which is homotopy equivalent
[7, p. 103] to the space composed of countably infinite circles joining at one point
(Fig. 4). But for our aims, the relatively larger neighbors {On} are sufficient to be
taken into the analytic procedures. By using the finer ones, we are still able to get
σ ∗(S)= 0 by analysis which differ little from those used above.
(ii) S is not locally compact and not locally connected (though S is). So along the direc-
tion of Problem 11, we still want to know under what conditions about a connected
metric space X, the inequality σ(X) 2σ ∗(X) is true (even in the case of X being
compact and pathwise connected, we don’t know whether the inequality is true).
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